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Introduction

A DAPTIVE output feedback control using universal function
approximators, such as artificial neural networks (NNs), is mo-

tivated by the multitude of practical applications for which accurate
modeling is challenging or may even be impossible.1−3 Recently,
two direct output feedback approaches that do not rely on state
estimation were presented in Refs. 4 and 5. These approaches in-
corporate similar approximate output feedback linearization, linear
dynamic compensation of the ideally linearized model, and different
adaptive NN-based elements to compensate for the model lineariza-
tion errors. The design of the linear compensator may be challenging
for systems with high relative degree r , requiring stabilization of r
poles at the origin resulting from standard linearization.

The current work examines an extension to the approach in Ref. 4
by introducing a different feedback linearization scheme, useful
for systems with high relative degree. Incorporating prior knowl-
edge of the nonlinear system dynamics in the feedback lineariza-
tion stage may greatly simplify the design of the linear compensator
discussed earlier. It is particularly useful for applications in which
part of the system dynamics, for example, actuator dynamics, are
nearly linear with relatively well-known characteristics. Here we ad-
dress several theoretical aspects that justify the procedure and that
point out several practical design implications. Although presented
in conjunction with the direct output feedback scheme of Ref. 4,
the proposed linearization procedure can be used with any control
design technique that relies on model inversion, for example, that of
Ref. 5.

Problem Statement
Let the dynamics of a state observable nonlinear single-

input/single-output (SISO) system be given in a state-space form
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by

ẋ = f (x, u) (1a)

y = h(x) (1b)

where x ∈ Ωx ⊂ �n is the state space vector of the system with
possibly unknown dimension n, u ∈ �u ⊂ � is the system input
(control), y ∈ �y ∈ � is its output (measurement) signal, and
f (· , ·), h(·) are unknown functions with appropriate input–output
spaces.

Assumption 1. The dynamic system of Eqs. (1) satisfies the input–
output feedback linearization conditions6 with relative degree r .

Assumption 1 implies

y(i) = dhi − 1(x)

dt
= ∂hi − 1(x)

∂x
f (x, u)

�= hi (x) (2)

for i = 1, . . . , r − 1 with h0(x) = h(x) and

y(r) = dhr − 1(x)

dt
�= hr (x, u) (3)

It also implies that the system can be transformed into a normal
form6

ẏ = h(y, ξ, u) (4a)

ξ̇ = χ(y, ξ) (4b)

where y
�= [y ẏ · · · y(r − 1)]T and ξ

�= [ξ1 ξ2 · · · ξn − r ]T .
The output feedback control law discussed in this work is de-

signed so that the system output y tracks a bounded reference signal
or trajectory ytr ∈ �tr ⊂ �, which is assumed to be r times differ-
entiable with bounded derivatives. The reference trajectory and its
derivatives are grouped into ytr = [ytr ẏtr · · · y(r − 1)

tr ]T . The track-
ing error and the tracking error vector are defined as

ỹ = ytr − y (5)

ỹ = ytr − y (6)

Assumption 2. The system ξ̇=χ(ytr, ξ) has a unique steady-state
solution ξ̄. Moreover, with ξ̃= ξ̄− ξ, the system

˙̃ξ = χ(ξ̄, ytr) − χ(ξ̄ − ξ̃, ytr − ỹ)
�= χ̃(ξ̃, ỹ, ξ̄, ytr) (7)

has a continuously differentiable function Vξ̃ (t, ξ̃) that satisfies

η1‖ξ̃‖2 ≤ Vξ̃ (t, ξ̃) ≤ η2‖ξ̃‖2 (8a)

dVξ̃ (t, ξ̃)

dt
≤ −η3‖ξ̃‖2 + η4‖ξ̃‖‖ỹ‖ (8b)

where η1, η2, η3 > 0 and η4 ≥ 0 are independent of ytr.
This assumption implies that the zero dynamics of the original

system in Eqs. (1) are exponentially stable and the system is mini-
mum phase.

Controller Design
The output feedback controller design is based on a nonstan-

dard dynamic model linearization, linear dynamic compensation of
the linearized system, and adaptive NN-based compensation of the
model linearization error.
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Approximate Feedback Linearization
In a standard feedback linearization scheme, the right-hand side

of Eq. (3) is defined as a pseudocontrol input ν. If the function
hr (x, u) is known exactly, this results in a linearized system with r
poles at the origin given by

y(r) = ν (9)

Then, a linear compensator is designed to stabilize those r poles.
In the output feedback setting, this task is not simple for cases
of r > 2 and may result in an unstable compensator, an undesir-
able characteristic from a practical implementation perspective.
Moreover, linearization of fast dynamics (fast poles in linear sys-
tems) to the origin may require unrealistically large, high-frequency
actuation.

To overcome these difficulties for systems with high relative de-
gree and/or fast dynamics, an alternative linearization scheme is
proposed, in which the poles of the ideally linearized model are
shifted away from the origin. These poles can correspond to the
poles of a previously known or a predetermined linearized model,
related to the full nonlinear system dynamics. For example, when
linearizing an unknown nonlinear system with actuators, the poles
associated with the latter can be placed at fairly well-known loca-
tions of the actuators dynamics, whereas the rest of the poles are
conventionally linearized to the origin.

The proposed linearization scheme relies on Assumption 1 and
the resulting definitions in Eqs. (2) and (3). Multiplying Eq. (2) by
a constant ai , Eq. (3) by a0, and summing the result leads to

a0 y(r) +
r∑

i = 1

ai y(r − i) = a0hr (x, u) +
r∑

i = 1

ai hr − i (x)
�= gr (x, u)

(10)

The coefficients ai , i = 0, . . . , r , are chosen such that the roots of
the polynomial defined by

p(s) =
r∑

i = 0

ai s
(r − i) (11)

with s being a complex (Laplace) variable, are the r poles of the
ideally linearized system.

The modified feedback linearization is performed by introducing
a redefined pseudocontrol signal given by

ν = ĝr (y, u) (12)

Fig. 1 Control system architecture.

where ĝr (y, u) is the best available approximation of gr (x, u). Then,
the system dynamics can be expressed as

r∑

i = 0

ai y(r − i) = ν + �′(x, y, u) (13)

where �′(x, y, u) = gr (x, u) − ĝr (y, u). The controller is designed
to define the pseudocontrol signal ν. The actual control input u is
obtained by inverting the transformation defined in Eq. (12),

u = ĝ−1
r (y, ν) (14)

which requires that the model approximation function ĝr (· , ·) is
chosen to be invertible with respect to its second argument u.

The model linearization accuracy is quantified by the model inver-
sion error �′(x, y, u), which can be redefined using u of Eq. (14) as

�′(x, y, u) = �
[
x, y, ĝ−1

r (y, ν)
] �= �(x, y, ν) (15)

The only difference between �′(· , · , ·) and �(· , · , ·) is in their third
input argument. If inversion is exact, that is, � = 0, Eq. (13) repre-
sents an r th-order linear system with ν being its input and p(s) of
Eq. (11) being its characteristic polynomial. When inversion is not
exact, � acts as a disturbance.

Output Feedback Control
Following Ref. 4, the pseudocontrol ν in Eq. (13) is constructed

to include three main elements,

ν = νtr + νdc − νad (16)

where νdc is a linear dynamic compensation term designed to achieve
the desired dynamic characteristics of the ideally linearized model,
νtr is introduced to achieve asymptotic tracking of the reference
trajectory, and νad is an adaptive signal designed to compensate
approximately the effect of the model inversion error �. This defi-
nition of the pseudocontrol signal leads to the control architecture
of Fig. 1.

Substituting Eq. (16) into Eq. (13), while using the definition in
Eq. (15), leads to

r∑

i = 0

ai y(r − i) = νtr + νdc + [�(x, y, ν) − νad] (17)

The linear dynamic compensator design is performed using the
model of Eq. (17), where the difference (� − νad) is regarded as
a disturbance term. The synthesis starts by constructing the tracking
error ỹ dynamics equation. To ensure that this equation is not forced
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directly by the reference input ytr, the pseudocontrol component νtr

is chosen as

νtr =
r∑

i = 0

ai y(r − i)
tr (18)

which implies that ytr should be at least r times differentiable. For
that, the reference ytr is generated by forcing an at least r th-order ref-
erence model by an external command input. Substituting Eq. (18)
into (17), while using Eq. (5) to introduce the tracking error and its
time derivatives, results in the open-loop tracking error dynamics
equation

r∑

i = 0

ai ỹ(r − i) = −νdc + (νad − �) (19)

If the right-hand side terms of Eq. (19) are regarded as a control
input −νdc and a disturbance (νad − �), Eq. (19) represents a r th-
order linear system of the tracking error dynamics with a transfer
function 1/p(s).

The linear dynamic compensator is given by
{

νdc(s)

ỹad(s)

}
= 1

Ddc(s)

[
Ndc(s)

Nad(s)

]
ỹ(s) (20)

where Ndc/Ddc(s) is designed to stabilize 1/p(s). For the case
where the linearization is defined by Eq. (9), r poles at the origin
have to be stabilized, requiring an at least (r − 1)th-order dynamic
compensator.7 With the modified linearization scheme, 1/p(s) may
have poles at more favorable locations, which simplifies the linear
controller design task and leads to a lower-order compensator.

The effect of the model inversion error is compensated by a Gaus-
sian radial basis function (GRBF) NN given by

�(η) = WTφ(η) + ε(η) (21)

where η ∈Ωη are the variables on which � depends, W ∈ �N is a
vector of adjustable NN weights, φ(·) is a N -dimensional vector of
Gaussian basis functions, ε is the NN approximation error, and N
is the number of NN neurons. When η is confined to a compact set
Ωη, a finite weight vector W∗ can be found for which

|ε(η)| ≤ ε∗, ∀ η ∈ Ωη (22)

The input η to the NN should comprise the variables on which �
depends, that is, (x, y, ν). Because x is not available for feedback,
based on the recent result of Ref. 8, for an observable system, the
measured output y, the pseudocontrol ν, and their stored previous
values, combined in η̄, can be used as the NN inputs to approximate
�

�(η) = W∗Tφ(η̄) + ε(η̄), |ε| < ε∗ (23)

The actual adaptive signal νad is set to

νad = ŴTφ(η̄) (24)

where Ŵ is an online computed estimate of W∗. When Eqs. (23)
and (24) are used, (νad − �) is expressed as

νad − � = ŴTφ − ε (25)

where W̃ = Ŵ − W∗ is the NN weight error.
The NN weight adaptation rule is constructed utilizing the second

output of the linear compensator ỹad. To ensure that ỹad is a function
of measured signals only, the closed-loop transfer function between
the forcing term (νad − �) and ỹad, obtained by substituting Eqs. (20)
and (24) into (19)

ỹad(s) = Nad(s)

p(s)Ddc(s) + Ndc(s)
(W̃Tφ− ε)(s)

�= G(s)(W̃Tφ− ε)(s)

(26)

should be strictly positive real (SPR).4 For the case of relative degree
r = 1, the SPR condition can be achieved by a proper choice of Nad.
If r > 1, the SPR property is achieved by introducing a stable low-
pass filter T −1(s) into Eq. (26) through the following manipulation:

ỹad(s) = G(s)T (s)T −1(s)(W̃Tφ − ε)(s)

= Ḡ(s)
(
W̃Tφ f + δ − ε f

)
(s) (27)

where Ḡ(s)
�= G(s)T (s) and φ f and ε f are the signals φ and ε,

respectively, filtered through T −1(s). Here, δ is a mismatch term
given by

δ(s) = T −1(s)(W̃Tφ) − W̃Tφ f (28)

It can be bounded as

|δ| ≤ c‖W̃‖, c > 0 (29)

where ‖ · ‖ denotes the two norm of a vector2. Equation (27) can be
stated in state-space form as

ż = Aclz + Bcl

(
W̃Tφ f + δ − ε f

)
(30a)

ỹad = Cclż (30b)

while the tracking error ỹ can be shown to be linear in z

ỹ = Cỹz (31)

The fact that Ḡ(s) is SPR ensures the existence of Q > 0 such that
the solution P of

AT
cl P + P Acl = −Q (32)

is positive definite and

PBcl = CT
cl (33)

Equation (30a) implies that all of the components of φ have to be
filtered through T −1(s), which, thus, has to be replicated N times.
This can be expressed in a consolidated state-space form as

ż f = A f z f + B f φ (34a)

φ f = C f z f (34b)

Stability of the filter ensures the existence of a positive definite
matrix Pf > 0 that satisfies the Lyapunov equation

AT
f Pf + Pf A f = −Q f (35)

for any positive definite Q f > 0.
The signals ỹad and φ f are used in the following NN weight

update rule:

˙̂W = −F[ỹadφ f + σW Ŵ] (36)

where F > 0 and σw > 0 are the adaptation gains.
The consequent stability analysis is performed in an expanded

closed-loop error signal space, comprising µ
�= [zT zT

f W̃T ξ̃
T

]T ,
whereas the NN approximation holds over a compact set Ωη defined
in the space of the original variables. Because the pseudocontrol ν is
a function of z, z f , and Ŵ, and because y can be functionally related
to z and ytr, the compact set Ωη can be (implicitly) mapped into a
compact set in the space of µ, which we denote Ωµ. The stability
analysis will require an assumption regarding the size of Ωµ. For
that, let R be the largest hypersphere enclosed in Ωµ, that is,

R = {µ | ‖µ‖ ≤ R} (37)

where R = arg maxx > 0 (µ∈Ωµ and ‖µ‖ ≤ x).
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Assumption 3. The compact set �η over which the NN approxi-
mation holds is large enough to ensure that

R > ρ

√
�2M

�1m

�= β
√

�2M /�1m

min(αz, αz f , αw, αξ )
(38)

where the positive constants αz, αz f , αW , αξ , and β are defined by

α2
z = 1

2

[
Qm − (ε∗ + c)‖PBcl‖ − η2

4σ̄
2
C

/
η3

]
> 0 (39a)

α2
z f

= 1
2 [Q f m − φ̄‖Pf B f ‖] > 0 (39b)

α2
W = [σW − 1 − c‖PBcl‖/2] > 0 (39c)

α2
ξ = η3/2 (39d)

β2 = 1
2

[
ε∗‖PBcl‖ + φ̄‖Pf B f ‖ + σ 2

W W̄ 2
/

2
]

(39e)

Qm and Q f m are the minimum eigenvalues of Q and Q f , P > 0
and Pf > 0 are, respectively, solutions of Eqs. (32) and (35) for
Q > 0 and Q f > 0 satisfying the conditions in Eqs. (39a) and (39b),
σ̄C is the maximum singular value of Cỹ in Eq. (31), ‖φ(η̄)‖ ≤ φ̄

by the definition of GRBFs, W̃ is a bound on the NN weights
‖W∗‖ ≤ W̃ , �1m is the minimum eigenvalue of the matrix �1, and
�2M is the maximum eigenvalue of the matrix �2, defined by

�1 = 1
2 blockdiag

(
P, Pf , F−1, 2η1 I(n − r)× (n − r)

)
(40a)

�2 = 1
2 blockdiag

(
P, Pf , F−1, 2η2 I(n − r)× (n − r)

)
(40b)

Finally, the adaptation gain σW is chosen so that

σW > 1 + c‖PBcl‖/2 (41)

Uniform Ultimate Boundedness
The uniform ultimate boundedness of the tracking error will

be shown using the following positive definite Lyapunov function
candidate:

V = 1
2 zT Pz + 1

2 zT
f Pf z f + 1

2 W̃T F−1W̃ + Vξ̃ (42)

where Vξ̃ satisfies the conditions in Eqs. (8). In addition, the theorem
statement relies on the largest level set of V inside Ωµ, which we
denote by ΩVmax .

Theorem. Let ytr be a bounded reference trajectory with con-
tinuous and bounded derivatives y(i)

tr , i = 1, . . . , r , where r is the
relative degree of the system defined by Eqs. (1). The output y is
required to track ytr. Consider the output feedback controller de-
fined by Eqs. (10), (12), (14), (16), (18), (20), and (24) and the
adaptation rule given by Eqs. (34) and (36). Then, the closed-
loop error signal µ is uniformly ultimately bounded provided that
Assumptions 1–3 hold and that the initial error signal complies
with µ(0) ∈ΩVmax .

Proof. Consider the positive definite Lyapunov function candidate
of Eq. (42). The time derivative of V , while using the dynamics of
Eqs. (30a) and (34a), is

V̇ = − 1
2 zT Qz + zT PBcl

(
W̃Tφ f + δ − ε f

) − 1
2 zT

f Q f z f

+ zT
f Pf B f φ + W̃

T
F−1 ˙̃W + V̇ξ̃ (43)

Incorporating the SPR result of Eq. (33) and the adaptation rule of
Eq. (36) leads to

V̇ = − 1
2 zT Qz + zT PBcl(δ − ε f ) − 1

2 zT
f Q f z f + zT

f Pf B f φ

− σW W̃T (W̃ + W∗) + V̇ξ̃ (44)

Assuming that the filter T −1(s) is scaled so that its maximum gain
is unity, and using the NN accuracy bound of Eq. (23), the filtered

error ε f can be bounded as |ε f | ≤ |ε| ≤ ε∗. When this bound is used
together with the bounds on the mismatch term δ given by Eq. (29)
and V̇ξ̃ of Eqs. (8b), the derivative in Eq. (44) can be bounded
as

V̇ ≤ − 1
2 Qm‖z‖2 + c‖PBcl‖‖z‖‖W̃‖ + ε∗‖PBcl‖‖z‖

− 1
2 Q f m‖z f ‖2 + φ̄‖Pf B f ‖‖z f ‖ − σW ‖W̃‖2 + σW W̄‖W̃‖

− η3‖ξ̃‖2 + η4‖ξ̃‖‖ỹ‖ (45)

When squares are completed and the definitions of Eqs. (39) are
used, V̇ can be further overbounded, as

V̇ ≤ −α2
z ‖z‖2 − α2

z f
‖z f ‖2 − α2

W ‖W̃‖2 − α2
ξ ‖ξ̃‖2 + β2 (46)

Setting the right-hand side of Eq. (46) to zero defines an edge of a
compact set in the closed-loop error signal µ space. This compact
set, denoted by ΩV̇ , is a hyperellipsoid centered at the origin of
the µ space, outside of which V̇ < 0. Assumption 3 guarantees that
ΩV̇ is inside the compact set over which the NN approximation
holds. �

The following remarks provide design guidelines, which can be
utilized to ensure that the conditions in Assumption 3 are met.

1) From Eq. (38), it is clear that it is advantageous to choose the
design parameters such that β is small while αz, αz f , αw , and αξ

are large. In addition, κ� = �2M /�1m should be kept as small as
possible.

2) Choosing large eigenvalues for Acl, that is, fast closed-loop
poles of the linearized system, implies large eigenvalues for the
Lyapunov operator AT

cl P + P Acl and hence a small solution P of
Eq. (32) for a given Q. This will lead to a large difference between
Qm and ‖PBcl‖ and, according to Eq. (39a), potentially a large αz .
The same logic applies to the choice of A f to make αz f large.

3) Equation (39c) motivates the choice of a large adaptation gain
σw . However, the dependance of β on σw , given by Eq. (39e), and
the requirement to keep β small, introduces an upper bound on the
adaptation gain σw .

4) The requirement for a small κ� is more complex to control due
to the unknown parameters η1 and η2 and their relative magnitude.
Nevertheless, some design guidelines can be drawn by noting that

κ� = max{�M , η2}
min{�m, η1} (47)

where �M and �m are the maximum and minimum eigenvalues
of � = blockdiag (P, Pf , F−1), which does not depend on the un-
knowns η1 and η2. Equation (47) implies that it is advantageous to
make �M ≈ �m , or equivalently, to choose the matrices P , PF ,
and F so that all of their eigenvalues are approximately equal
among each other. This means that if one of these matrices is
changed, the same change should be applied to the other two to
keep �M ≈ �m .

5) For fixed values of R and ρ, the inequality in Eq. (38) implies
upper and lower limits for the adaptation gain matrix F . If F = γ I
with a large γ , the minimum eigenvalue of �1m is determined by the
value of γ and Eq. (38) implies an upper bound γ < (R/ρ)2/�2M

on the adaptation gain. Likewise, for small γ , so that the maxi-
mum eigenvalue of �2M is determined by the value of γ , we have
γ > (ρ/R)2/�1m as a lower bound.

Fuel Slosh Example
In this example, we examine the dynamic interaction between a

spacecraft attitude control system and propellant sloshing in par-
tially filled tanks. If the frequency of the first sloshing mode, which
changes with the fuel mass variations, is less than about six times the
attitude control bandwidth, this interaction may lead to instability.9

As an alternative to a gain-scheduled control design, an adaptive
fixed-gain control solution is presented that utilizes the methodol-
ogy discussed in this Note.

In the current study, we adopt a simulation model of a space-
craft with a spherical partially filled fuel tank, including only the
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Fig. 2 Model of a spacecraft with a spherical fuel tank during a thrust
maneuver.

lowest frequency sloshing mode.9 This mode is well approximated
by considering the fuel to be frozen into a lump that slides with a
small friction force acting on the sides of the tank. The result is a
pendulumlike motion with its support point at the center of the tank.
Only longitudinal motion in the orbital plane is considered. Atti-
tude control is achieved using reaction jets, as is shown in Fig. 2.
Figure 2 also presents the geometry and inertial properties of the
spacecraft and fuel tank system. There, m and m f are the masses of
the spacecraft and the fuel lump, respectively, and I and I f are the
spacecraft and fuel lump moments of inertia about their respective
centers of mass. F is the maneuver thrust, whereas u is the thrust of
the reaction jets used for attitude control.

The equations of motion for the rotational degrees of freedom of
the system are given by9

I ∗ω̇ − I ∗
c ω̇ f = (� + b∗)u − m∗abω2

f sin λ + C λ̇ (48a)

−I ∗
c ω̇ + I ∗

f ω̇ f = −a∗u cos λ − a∗ F sin λ + m∗abω2 sin λ − C λ̇

(48b)

λ̇ = ω f − ω (48c)

θ̇ = ω (48d)

u̇ = (1/τr )(uc − u) (48e)

where

I ∗ �= I + m∗b2, m∗ �= mm f /(m + m f )

I ∗
f

�= I f + m∗a2, a∗ �= am f /(m + m f )

I ∗
c

�= m∗ab cos λ, b∗ �= bm f /(m + m f ) (49)

and C is the slosh damping coefficient. The reaction jet is modeled
as a first-order system in Eq. (48e) with a time constant τr . The
measured and controlled variable is the spacecraft pitch attitude
θ that has a relative degree three with respect to the reaction jet
command input uc. For small angles and angular rates, the transfer
function between θ and uc is given by

θ

uc
(s) = K

1

s2

s2 + 2ζzωzs + ω2
z

s2 + 2ζpωps + ω2
p

1

1 + τr s
(50)

where

K = (� + b∗)I ∗
f − a∗ I ∗

c

I ∗ I ∗
f − (

I ∗
c

)2

ω2
z = a∗ F

I ∗
f − a∗ I ∗

c

/
(� + b∗)

, ζz = C(� + b∗ − a∗)
2ωz

ω2
p = a∗ F

(
I ∗ − I ∗

c

)

I ∗ I ∗
f − (

I ∗
c

)2
, ζp = C

[
I + I f + (b − a)2

]

2ωp
(51)

When I ∗ > I ∗
c , I ∗ I ∗

f > (I ∗
c )2, (� + b∗) > a∗, and (� + b∗)I ∗

f > a∗ I ∗
c ,

which is often the case in actual spacecraft, Eqs. (50)
and (51) show that the spacecraft/fuel system is minimum
phase in the neighborhood of the equilibrium point at the
origin.

To simplify the linear compensator design, based on Eq. (50), the
relative degree three system dynamics are approximately linearized
as

(θ/uc)(s) = K̂ (1/s2)[1/(1 + τ̂r s)]
�= K̂/p(s) (52)

or alternatively

τ̂r
...
θ + θ̈ = K̂ uc

�= ν (53)

that is, two poles of the linearized system are kept at the origin,
whereas the actuator pole is chosen at its estimated location −1/τ̂r .
The estimated system gain K̂ is used to compute the actual reaction
jet command by

uc = ν/K̂ (54)

The typical physical system parameters used in the simulation are
m = 600 kg, I = 720 kg · m2, m f = 300 kg, I f = 150 kg · m2, a =
0.32 m, b = 0.25 m, � = 0.2 m, C = 1 kg · m2/s, F = 500 N, and
τr = 0.1 s. For this case, the parameters of the transfer function in
Eq. (50) are K = 3.74 × 10−4 (kg · m)−1, (ωz, ζz) = (0.57, 3.3 ×
10−3), and (ωp, ζp) = (0.55, 6.3 × 10−4), where (ωz, ωp) are given
in radians per second. Because ωz > ωp , this introduces a destabi-
lizing fuel sloshing mode.9 The control design model of Eq. (53)
assumes a 50% overestimated control effectiveness, that is,
K̂ = 1.5K ≈ 5.6 × 10−4 (kg · m)−1 and τ̂r = τr .

A lead compensator was designed so that the dominant closed-
loop poles have a natural frequency of ωcl = 1 rad/s and damping
coefficient ζ = 0.8. Choosing Nad(s) and T (s) to meet the SPR
condition of Eq. (27), the one-input/two-output lead compensator is
given by

{
νdc(s)

ỹad(s)

}
= 1

s + 2.82

[
2.60(s + 0.36)

6(s + 1)

]
ỹ(s) (55)

and the SPR low-pass filter T −1(s) is

T −1(s) = 1/(s/3 + 1)(s/4 + 1) (56)

A third-order linear reference model was used to command the
spacecraft attitude. Two complex poles of the reference model have
a natural frequency of 0.5 rad/s and damping of 0.8, whereas the
real pole has a time constant of 1 s. According to the definition of
p(s) in Eq. (52), the pseudocontrol component νtr associated with
the attitude command was set to

νtr = 0.1
...
θ tr + θ̈tr (57)

The NN was constructed using five GRBF neurons and a bias.
The inputs to the NN were the current and the three delayed values
of measured attitude θ and the current and the two delayed values
of the pseudocontrol ν. The delay time was set to τ = 0.05 s. The
NN adaptation gains were F = 100 and σw = 2.

The performance of the adaptive controller was evaluated in a
thrust maneuver, which was initialized with the spacecraft attitude
aligned with the reference and with fuel center of gravity offset by
10 deg, that is, θ(0) = 0 rad and λ(0) = π/18 rad. An attitude change
command of 20 deg is issued at 10 s. The response of the spacecraft
controlled with only the linear dynamic compensator is examined
first. It exhibits a fuel slosh angle oscillation at an increasing ampli-
tude, reaching 180 deg at about 140 s. Then it starts rotating in the
tank at about 0.1 Hz, which induces a limit cycle of about 2.5-deg
amplitude in the attitude response.

The same maneuver is repeated next with the adaptive output
feedback controller. The attitude and fuel slosh angles for this case
are shown in Fig. 3 and demonstrate accurate attitude tracking and
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Fig. 3 Response with adaptive output feedback controller: a) space-
craft attitude θ and b) fuel slosh angle λ.

Fig. 4 Computed model inversion error ∆ and its NN estimate νad.

slowly decaying fuel sloshing. This slow decay is attributed to the
fact that the only mechanism for absorbing the fuel motion, while
the spacecraft attitude is almost constant, is the small friction force.
The adaptive controller eliminates the excitation of the sloshing
mode and dramatically reduces its effect on the attitude response.
This is illustrated in the insert at the top of Fig. 3, which shows a
small decaying oscillation with an amplitude of about 0.075 deg at
80 s. The performance of the adaptive element is shown in Fig. 4,
which shows a close match between the computed model inversion
error � and the adaptive signal νad.

Conclusions
This Note presents a nonstandard feedback linearization scheme

that can enhance model-inversion-based control design paradigms.
This scheme is examined in conjunction with a recently published
direct output feedback design approach for nonlinear SISO sys-
tems with known relative degree. The controller synthesis comprises
the proposed feedback linearization scheme coupled with a linear
compensator design and an adaptive NN-based element used to
reduce the effect of model inversion errors. Prior knowledge or
partial information about the open-loop system dynamics can
be incorporated in the design through the proposed lineariza-
tion procedure. Consequently, the design of the linear compen-
sator can be simplified, usually leading to lower-order compen-
sators. This feature is particularly important for systems with
relative degree greater than two, where the linear design step
can be challenging. The stability proof provides important design
and parameter tuning guidelines, which are instrumental in en-
suring uniform ultimate boundedness of the closed-loop system
errors.
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Guidance of Unmanned
Air Vehicles Based on Fuzzy

Sets and Fixed Waypoints
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University of Pisa, 56126 Pisa, Italy

I. Introduction

T HE problem of guidance and control of unmanned aerial ve-
hicles (UAVs) has become a topic of research in recent years.

Typical projected UAV operations such as surveillance, payload de-
livery, and search and rescue can be addressed by waypoint-based
guidance. Automatic target recognition, for instance, requires that
the aircraft approach the possible target from one or more desired
directions. In a highly dynamic cooperative UAV environment, the
management system, either centralized or decentralized, may switch
the waypoint set rapidly to change an aircraft mission depending on
external events, pop-up threats, etc.; the new waypoint set may be
ill-formed in terms of flyability (maximum turn rates, descent speed,
acceleration, etc.). Although fuzzy logic methods have been applied
in the past—see for instance Ref. 1, where Mamdami rules were
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